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Towards a precision measurement of the Casimir force in a cylinder-plane geometry
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We report on a proposal aimed at measuring the Casimir force in the cylinder-plane configuration. The
Casimir force is evaluated including corrections due to finite parallelism, conductivity, and temperature. The
range of validity of the proximity force approximation is also discussed. An apparatus to test the feasibility of
a precision measurement in this configuration has been developed, and we describe both a procedure to control
the parallelism and the results of the electrostatic calibration. Finally we discuss the possibility of measuring
the thermal contribution to the Casimir force and deviations from the proximity force approximation, both of

which are expected at relatively large distances.
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I. INTRODUCTION

The study of quantum vacuum in modern physics is cru-
cial due to its profound implications over a broad range of
length scales, from elementary particle physics and quantum
field theory [1] to cosmology [2-6]. In between the ex-
tremes, the Casimir force [7] has provided an experimentally
accessible window at the mesoscopic scale through which
significant information about quantum vacuum can be re-
trieved. The Casimir force, which can be interpreted as the
net effect of the radiation pressure resulting from the zero
point electromagnetic fluctuations, has been studied in detail
both theoretically and experimentally [8—15]. A first genera-
tion of experimental studies immediately followed this pre-
diction, both in the parallel plane configuration originally
proposed by Casimir himself [16], and in a variant of this
configuration based upon a sphere and a plane [17]. These
attempts had partial success in measuring the Casimir force
due to a variety of technical issues. In the last decade, a new
wave of experiments have succeeded in measuring the force
in the parallel plane and in the sphere-plane geometries. The
accuracy obtained in the measurements ranges from 15% in
the parallel plane case [18] to 0.1%—5% in the sphere-plane
case [19-23]. The accuracy for the former configuration is
limited mainly by the stringent requirements for parallelism
between the two plates while in the latter configuration the
limitation is due to the small force signal available, leading
to a maximum explorable distance between sphere and plane
of about 1 wm [24]. At distances smaller than 1 um the cor-
rection to the Casimir force due to finite conductivity and
roughness of the substrates cannot be neglected, and has to
be taken into account in the theoretical expression of the
force. Furthermore, the Casimir force in the sphere-plane
configuration is evaluated by using the so-called proximity
force approximation [25,26], introducing an uncertainty, es-
timated to be in the 0.1% range, in the theoretical prediction.

In this paper we report on theoretical and experimental
studies of a geometry which interpolates between the two
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abovementioned configurations, namely the cylinder-plane
geometry. This geometry is a compromise between the par-
allel plane and sphere-plane configurations, as it offers a sim-
pler way to control the parallelism, with respect to the former
geometry, while providing a sufficiently increased force sig-
nal at large distances in comparison to the sphere-plane con-
figuration. The study of the cylinder-plane configuration also
provides insights into the finite temperature contribution to
the Casimir force, as well as into the validity of the proxim-
ity force approximation. We show how some of these open
issues in large-distance Casimir physics, still to be pursued in
the laboratory, are easier to deal with in this geometry with
respect to those already studied. Mastering the Casimir force
at the highest level of accuracy is mandatory to give limits to
other macroscopic forces acting in the micrometer range,
such as expected corrections to the Newtonian gravitational
force [27].

The paper is organized as follows: in Sec. II we discuss
the Casimir force in the cylinder-plane geometry introducing
the main sources of deviation from ideality such as finite
parallelism, finite conductivity, and finite temperature. Prior
to this, the calculation of the electrostatic force in the same
geometry is presented. This is crucial not only for the cali-
bration of the apparatus, by applying externally controlled
electric fields, but also for the discussion of the expected
background noise due to unavoidable residual electrical
charges present on the two surfaces. Also, the validity of the
proximity force approximation and some related subtleties in
its definition at the next-to-leading order are discussed. In
Sec. III, we present an apparatus developed at Dartmouth to
test the basic principle of the measurement and to demon-
strate various techniques specific to this configuration. In
Sec. IV, we present the projected sensitivity of the apparatus.
This leads to a discussion of the possible explorable physics,
in particular the measurement of the thermal contribution to
the Casimir force and the test of the validity of the proximity
force approximation.

©2005 The American Physical Society
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II. COULOMB AND CASIMIR FORCES IN A CYLINDER-
PLANE GEOMETRY

A. Electrostatic force

A first step towards measuring the Casimir force in the
cylinder-plane geometry is to evaluate the force signal ex-
pected for the corresponding electrostatic force. Any appara-
tus for measuring the Casimir force has to be calibrated with
a more controllable, better understood, force like the Cou-
lomb force. Additionally, the electrostatic force is unavoid-
ably present as a background due to the residual electric
charges on the conducting surfaces. Let us consider a per-
fectly conducting cylinder of length L and radius a (with L
>a to neglect border effects) kept at a fixed electrostatic
potential V,,. The cylinder is parallel to a perfectly conduct-
ing, grounded, planar surface of area A, and the distance
between the two conductors is denoted by d. For this geom-
etry, the exact electrostatic force between the cylinder and
the plane is given by [28]
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As we will discuss below, this equation can also be de-
rived using the proximity force approximation [25,26]. In
Fig. 1 we compare the absolute electrostatic forces corre-
sponding to the parallel plane, cylinder-plane, and sphere-
plane configurations with typical values of the relevant pa-
rameters, already achieved or achievable in practice. Since,
under general experimental conditions, the cylinder and the
plane will not be perfectly parallel, we need to calculate the
corrections to Eq. (2) due to nonparallelism. This is easily
obtained by using the proximity force approximation, with a
local distance between the cylinder and the plane given by
d(x)=d-(L/2—x)tan 6 (see Fig. 2). We obtain
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where a=L sin 6/2d. As described in the next section, the
quadratic dependence of the electrostatic force on the angle
measuring the deviation from the ideal parallelism provides a
way to optimize the parallelism between the cylinder and the
plane during the electrostatic calibration.

B. Casimir force

To evaluate the Casimir force between the cylinder and
the plane we use once again the proximity force approxima-
tion. For the parallel case (@=0), the Casimir force between
the cylinder and the plane is attractive, and its magnitude in
the limit d<a is given by [29]
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FIG. 1. Absolute electrostatic forces for parallel plane (dotted
curve), cylinder-plane (solid), and sphere-plane configurations
(dotted-dashed). The force in the plane-plane case is given by
Fg)zeosz/ 2d?, and in the sphere-plane case it is given by Fg)l)
=27750V2§);f:1[00th(u)—n coth(nu)]/sinh(nu), with  cosh(u)=1
+d/R. We use V=50 mV for the bias voltage, A=1 mm? for the
surface area of the parallel plane configuration, L=1 cm for the
length of the cylinder, a=100 um for the radius of the cylinder, and
R=100 wm for the radius of curvature of the sphere. For the paral-
lel plane and sphere-plane configurations these values are taken
from actual experiments described in Refs. [18,20], respectively.
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The scaling of the Casimir force with distance in the
cylinder-plane geometry is intermediate between the sphere-
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FIG. 2. Geometrical construction of the nonparallel configura-
tion. For the proximity approximation, the local distance between
the cylinder and the plane is d(x)=d—(L/2—x)tan 6.
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FIG. 3. Absolute Casimir force for plane-plane (dotted curve),
cylinder-plane (solid), and sphere-plane configurations (dotted-
dashed). For the plane-plane case it is given by ng
=7hcA/240d*. The latter two are evaluated within the proximity
force approximation. For the sphere-plane case it is given by F, ©

Cas
=mhcR/360d°. Parameters are the same as in Fig. 1.

plane case (*d~?) and the parallel plane configuration
(xd™*). The absolute force signal, for typical values of the
relevant parameters, is also intermediate (see Fig. 3). With
respect to the sphere-plane geometry, one can enhance the
signal by exploiting the linear dimension, i.e., the size L, as
long as the parallelism between the cylinder and the planar
surface does not become an issue. In comparison to the par-
allel plane situation, in the cylinder-plane configuration one
needs to parallelize in only one spatial dimension instead of
two, the latter being a considerably more difficult task. The
correction to the cylinder-plane Casimir force in the slightly
nonparallel case reads

1 1 1
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21
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which shows a strong similarity to the non-parallel Coulomb
force, just differing at the leading orders by the coefficient of
the quadratic correction in the parameter a.

For an accurate comparison between experiment and
theory, apart from the deviations from parallelism already
taken into account within the proximity force approximation
scheme, we consider the deviations of the predicted force
from the ideal situation of perfect conductors, zero rough-
ness, and zero temperature. For typical surfaces and realistic
experimental sensitivities, the roughness correction is negli-
gible with respect to other deviations at the distances we are
interested in (d>1 um). On the other hand, combined tem-
perature and conductivity corrections are usually important
in this range of distances. We have computed these correc-
tions via the Lifshitz formalism [30], which provides an ex-
pression for the pressure between two infinite, parallel plates.
We have then used this result in the proximity force approxi-
mation for the cylinder-plane configuration. The Casimir
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FIG. 4. Permittivity for Au as a function of frequency calculated
from optical data (courtesy of Astrid Lambrecht and Serge Rey-
naud). Permittivity data for Matsubara frequencies with m =1 in the
range of temperatures of interest =20 °C<7< +60 °C can be ob-
tained from this plot. The vertical lines show the frequency region
used in the m summation over the Matsubara frequencies. The dot-
ted line corresponds to m=1 at T=-20 °C, the dashed line to m
=1 at T=+60 °C, and the dotted-dashed line to the maximum value
Muyax Used at all temperatures, corresponding to a maximum Mat-
subara frequency of &,,,=10'7 rad/s.

pressure in the plane-plane configuration at finite tempera-
ture T is given by the Lifshitz formula

*® 0 -2 —2_\7 -2 —Zy
P == — 3| ayy?| T T
wBd> 1—re™®  1-rie™®
m=0 Y my ™ TE

(6)

where d is the gap between the plates, S=1/kpT is the in-
verse temperature, and y=2md/ Bhic. The prime on the sum-
mation sign indicates that the m=0 term is counted with half
weight. The reflection coefficients rtg and rry; for the two
independent polarizations TE and TM are computed at
imaginary frequencies w,,=i&,,, where &,=2mm/Bh are the
Matsubara frequencies.

Although the foundations for the Lifshitz formula are well
established, the exact expressions for the reflectivity coeffi-
cients are not. Following the Lifshitz formalism, the reflec-
tion coefficients are expressed in terms of the dielectric per-
mittivity e(w) as

I"_2 — |:6(i§m)pm+sm:|2_ r—2 — |:sm+pm:|2 (7)
™ G(lgm)pm —Sm | e Sm = Pm ’

where p,,=y/my and s,,=\ €(i&,)—1+pZ.

Using tabulated optical data for different metals [31], it is
possible to compute the dielectric permittivity along the
imaginary frequency axis [32]. As an example, we show in
Fig. 4 the numerically computed permittivity of Au as a
function of frequency. For the computation of the m summa-
tion in Eq. (6) we used a cut-off m,,, corresponding to a
Matsubara frequency §mmax=1017 rad/s. For the range of
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FIG. 5. Combined thermal and conductivity corrections to the
Casimir force in the cylinder-plane geometry. We show the Casimir
force, normalized to its bare value for infinite conductivity and zero
temperature, versus the distance d in the case of gold metallic sur-
faces at a temperature 7=300 K. Optical data are used to calculate
the frequency-dependent permittivity of Au. The m=0 contribution
to the Lifshitz formula is computed by extrapolating the optical data
to zero frequency using two different theoretical approaches: the
plasma model (for which the TE m=0 mode contributes to the
force), and the Drude model (for which the TE m=0 mode does not
contribute). Parameters are the same as in Fig. 1.

temperatures we are interested in (20 °C<T< +60 °C),
permittivity data for all Matsubara frequencies &,
=2am/ Bh corresponding to m=1 can be extracted from the
optical data (see Fig. 4). To calculate the m=0 contribution,
it is however necessary to extrapolate the available data to
zero frequency. This extrapolation has been done in the lit-
erature using different theoretical models, and has led to con-
troversial predictions for the Casimir force between parallel
plates [23,33-43].

We have computed the Casimir force between the cylin-
der and the plane using two distinct theoretical approaches.
In the first approach, the optical data are extrapolated using
the plasma model for the dielectric permittivity [11,23]:
e(i§)=1 +w[2)/ &, where ), is the plasma frequency (equal to
9.0 eV for Au). In this model, the reflectivity coefficients for
m=0 are given by

rmm=0)=1,
cyld + \J’wi + (cyld)? :
cyld - \/a)lz) + (cyld)?

rre(m=0) = (®)

In the second approach, we use the model of [43], that
extrapolates the optical data using the Drude model: €(i&)
=1 +w§,/§(§+ v), where v is the relaxation frequency (equal
to 35 meV for Au). In this second model, the reflectivity
coefficients for m=0 are, in contrast to those found in Eq.

®),
ru(m=0)=1; r(m=0)=0. (9)

That is, in this second approach the transverse electric zero
mode does not contribute to the Casimir force. In Fig. 5 we
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FIG. 6. Dependence upon temperature of the Casimir force in
the cylinder-plane geometry. We show the Casimir force, normal-
ized to its bare value for infinite conductivity and zero temperature,
versus the temperature 7 in the case of gold metallic surfaces sepa-
rated by a distance d=3 um. Extrapolated data for zero frequency
(m=0) is obtained from two different theoretical approaches: the
plasma model (for which the TE m=0 reflection coefficient is non-
zero), and the Drude model (for which the TE m=0 reflection co-
efficient vanishes). Parameters are the same as in Fig. 1.

show the ratio Fg’ai/ F© between the real Casimir force (in-
cluding temperature and conductivity corrections) and the
ideal one (perfect conductors, zero temperature) as a function
of the gap d between the cylinder and the plane, assumed to
be parallel. The two curves correspond to the two different
theoretical approaches described above. As follows from the
figure, the ratio of forces increases monotonically with dis-
tance for the plasma model, while it shows a small dip close
to 3 um for the Drude model. In Fig. 6 we show the same
ratio of forces as a function of temperature for a fixed gap
between the cylinder and the plane, set at d=3 um. The
temperature range corresponds to the one we expect to con-
trol during the actual Casimir experiment at finite tempera-
ture. We see that the normalized force increases with tem-
perature much faster for the plasma model than for the Drude
model. In the entire targeted range of temperatures the two
models give predicted forces differing by roughly a factor of
2, allowing for an easier experimental discrimination, pro-
vided that thermal expansion of the materials of the experi-
mental set-up will be kept under control.

C. Accuracy of the proximity force approximation

The calculations of the electrostatic and Casimir forces
done in the previous sections rely on the proximity force
approximation. We now discuss its validity in the ideal case
of zero temperature and perfect conductor.

Let us first consider the proximity force approximation
to the electrostatic force in the parallel cylinder-plane
configuration
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FIG. 7. Cylinder-plane geometry (lateral view). In the proximity
force approximation, the force is computed as a superposition of
forces between infinitesimal parallel plates, separated by a distance
d(p)=d+a(l-cos @).
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Here dA; is the effective area of the infinitesimal parts in
which the surfaces are divided to integrate the parallel plates
result, and ¢ is the angle parameterizing the location of the
infinitesimal surfaces on the the cylinder (see Fig. 7). Differ-
ent choices for this area give distinct proximity approxima-
tions for the force [44]. For example, the area of a small
portion of cylinder is dA,.=Lad¢, while the area of a small
portion of plane is dA,=La cos ¢d¢. One could also use a
combination of the two, like the geometric mean dA,,
=(dA,dA.)""*. These choices for the effective area give the
same result to leading order in d/a, but they differ in the
subleading corrections

F 0d dZ
pl )_1 m_+0| (11)

where 7]E] )=-0.75, 77E1 )=0.25, and 77E1 )=-0.25 [45].

One could estimate the error of the proximity force ap-
proximation as the difference between these results. How-
ever, for the parallel cylinder-plane configuration we know
the exact value of the electrostatic force, so we can use it to
analyze the accuracy of the different versions of the proxim-
ity force approximation. The ratio between the exact and the
leading proximity electrostatic forces Egs. (1) and (2) is
given by

g) d d2
€X
F(O) =1- 0.083; + 0.035; + 0o (12)

Both results coincide within 1% for d/a<0.12.
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FIG. 8. (Color online) Electrostatic force in the cylinder-plane
geometry, normalized to the electrostatic force evaluated in the
leading proximity approximation of Eq. (2). We show the exact
force (continuous line), and the force evaluated through different
proximity approximation schemes obtained using the area of the
cylinder (squares), the area of the plane (dots), and a geometric
mean of the areas (triangles).

In Fig. 8 we show the ratios F / Fg)l), together with the

exact result, also normalized to the leading proximity force
approximation in Eq. (2). For small d/a, the exact value of
the force is in between F](;) and Fgglm). Moreover, a compari-
son of Egs. (11) and (12) shows that the geometric mean
prescription is closer to the exact force (a similar result has
been obtained for the Casimir interaction energy between
concentric cylinders [46]). Had we estimated the error of the
proximity force approximation using F 1(3? and Fg’;m), we
would have concluded that it is smaller than 1% for d/a
<0.04.

For the Casimir case, an analytic expression for the exact
force is not available. Therefore, we will estimate the error of
the proximity force approximation using F (C“ag and Fg:’) , de-
fined as

/2
Fg): ﬂ'zﬁcf dA; ‘ (13)
571204 S, ( d )4
1+——=coso
a
We obtain
Fo) d (&
=1+ 77&—+0< (14)
FCas
where 77 =-0.15, 7).=0.05, and 7&"'=—0.05. These re-

sults are shown in Fig. 9. We see that for small d/a, the
cylinder-based proximity approximation is larger than the
leading order, while the opposite happens for the results
based on the plane and on the geometric mean areas. This is
analogous to the electrostatic case. Assuming that the exact
result is in between F ¢ (C) , and F(é:'s'), we estimate the error of
the proximity force as smaller than 1% for d/a<<0.2. It is
worth to note that the spread of the different approximations
is smaller for the Casimir force than for the electrostatic
force (see Figs. 8 and 9). This is due to the fact that, as the
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FIG. 9. (Color online) Casimir force in the cylinder-plane ge-
ometry, normalized to the Casimir force evaluated in the leading
proximity approximation. We show the different proximity approxi-
mation schemes obtained using the area of the cylinder (squares),
the area of the plane (dots), and a geometric mean of the areas
(triangles).

Casimir force is stronger than the electrostatic one at small
distances, the proximity force approximation is dominated
by a smaller region around ¢=0, where the difference be-
tween effective area is less important.

The exact Casimir energy for massless scalar fields satis-
fying Dirichlet boundary conditions in the cylinder-plate ge-
ometry has been computed using numerical simulations
based on the wordline approach to quantum field theory [47].
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Based on an analytic fit of the numerical data [48], we have
found a deviation in the force with respect to the leading
proximity force of 1% already at d/a=0.06. The difference is
about 5% at d/a=0.5. These are still preliminary results,
because the precision of the data is not very high, on the
order of 10% for small values of d/a [48].

Summarizing, if the Casimir force is measured at the 1%
level, in order to see deviations from the proximity force the
ratio d/a should be larger than 0.2, according to the estima-
tion based on the different choices of the area. On the other
hand, numerical simulations suggest that deviations can al-
ready be present at d/a=0.06. Higher precision numerical
data for the electromagnetic field are needed to confirm this
prediction.

III. ELECTROSTATIC CALIBRATIONS

In order to assess the sensitivity and the requirements for
a precision measurement of the Casimir force in a cylinder-
plane configuration, we have performed electrostatic calibra-
tions with a prototype of the experimental apparatus (see Fig.
10 for details). The core part of the system is a stainless steel
cantilever resonator faced on opposite sides by a stainless
steel cylinder and an optical fiber for the detection of its
displacement. The resonator is clamped to an aluminum base
which is in thermal contact with a thermoelectric cooler for
temperature stabilization. Below the resonator is the cylinder,
attached to a frame mounted on two piezoelectric actuators
providing a maximum displacement of (15.00+1.5) um for
an applied voltage of 100 V. The two piezoelectric actuators

FIG. 10. (Color online) Images of the experimental set-up, with an overall view (left), a close-up on the cylinder-resonator region (right),
and an image from the optical microscope (inset). Inside the vacuum chamber are visible the two piezoelectric actuators for the fine approach
between the cylinder and the resonator on the bottom side, and the piezoelectric actuator for the fine approach of the optical fiber and its
mount on the top side, with the fiber end facing the middle point of the resonator. In between are the resonator and the cylinder, with coarse
motion controlled by vertical feedthrough micrometers. The fiber is sent through a feedthrough inside the vacuum chamber (left side in the
overall view), while a goniometer stage is used for coarse parallelization (right side in the overall view). The large viewport allows for use
of a digital optical microscope with up to 100X magnification for a rough parallelization and a coarse assessment of the fiber-resonator and
resonator-cylinder size of the resonator is 2 cm X 1 cm X 178 um for width, length, and thickness, respectively. The cylinder has a diameter

2a=6.35 mm (1/4 in.) and a length of 2 cm.

052102-6



TOWARDS A PRECISION MEASUREMENT OF THE...

are located along the axis of the cylinder, providing both
necessary adjustments for parallelization and the fine ap-
proach of the cylinder to the resonator. The coarse approach
is provided by a feedthrough micrometer located at the bot-
tom of the vacuum chamber. A few tens of micrometers
above the resonator is the optical fiber, which is part of a
fiber optic interferometer [49] having as a light source a
5 mW diode laser at a wavelength of 671 nm. The displace-
ment signal results from the interference between the light
reflected by the resonator and the light internally reflected by
the fiber end. The condition of interference which maximizes
the displacement sensitivity (obtained at distances for which
the dependence of the intensity versus the distance has the
maximum slope) is obtained with a coarse approach of the
optical fiber to the resonator through a micrometer stage, and
a finer tuning with a piezoelectric actuator. The fiber position
is stabilized by a servo loop circuit controlling the voltage
driving the piezoelectric actuator. The explored resonator-
cylinder distances, ranging between 15 um and 40 um, are
estimated with a digital microscope, allowing for a consis-
tency check with the a posteriori determination of the gap
through data fitting, as described below. Further details on
the apparatus setup, its characterization, sensitivity and the
noise limitations will be provided in a future publication.

The calibration has been performed by measuring the fre-
quency shift induced by the electrostatic force on the reso-
nator (see, for instance [50]). For a generic distance-
dependent force [such as the Coulomb force in Eq. (1) or the
Casimir force in Eq. (4)], the shift in the proper frequency of
the resonator can be written as

1 9F(d) (15)

A=V - 1=-
VIRET uem ad

where m is the effective mass of the mode of oscillation of
resonator. The corresponding frequency shift for the Cou-
lomb case then assumes the form

36y VaLVi
16727 md>”>

Avgy=- =kV;, (16)

where we have introduced a curvature parameter k. to pa-
rameterize the parabolic behavior of AvZ, versus the applied
bias voltage V|,. The determination of the resonant frequency
of a mode of oscillation of the cantilever is obtained by driv-
ing its motion with a piezoelectric actuator clamped in the
proximity of its base and fed by the white noise source of a
FFT spectrum analyzer. This last is used to acquire and per-
form the spectral analysis of the signal coming from the pho-
todiode collecting the interference light at one port of the
fiber mixer.

The electrostatic calibrations can be divided into three
steps: (a) determination of the parallel configuration by look-
ing at the minimum frequency shift at constant average dis-
tance and various tilting angles between the resonator and
the cylinder, (b) measurements of the frequency shift versus
bias voltage in the parallel configuration, and (c) repetition
of the previous measurements for various values of the
cylinder-resonator distance.
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FIG. 11. Assessment of the parallelism. Resonator frequency
versus the difference between the voltages applied to the two piezo-
electric actuators driving the cylinder base AVp 1=V, -V, starting
from a common mode of V;=Vz=50 V, for V=100 V. The reso-
nator frequency without bias voltage is vy=(527.30+£0.02) Hz. The
maximum frequency (corresponding to the minimum frequency
shift with respect to ) realizes the condition for parallelism, and
this occurs at AVpyp=(54.8+7.1) V. As the two piezoelectric
actuators are spaced by 2 cm, this corresponds to achieving
parallelism within 56=5.3 X 107> rad. The determination of the fre-
quency is based upon a fit of the mechanical transfer function of the
resonator with a Lorentzian function, obtained through 100 aver-
ages of the FFT with a frequency span of 12.5 Hz.

In order to determine the parallel configuration, we use
the result obtained in Eq. (3), according to which the force
exerted on the cantilever is expected to have a parabolic
dependence on the angle describing the deviation from the
ideal parallelism for small angles 6. The coarse control of the
parallelism is obtained by using a goniometer stage on which
the resonator is mounted, which can be manually controlled
with an in-vacuum feedthrough. For the fine control, two
piezoelectric actuators are used in a differential mode, in
such a way that the median distance between the resonator
and the cylinder (i.e., the distance d between the midpoints
of the two structures, see Fig. 2) is unchanged. This is ob-
tained by pivoting the cylinder around the middle point, i.e.,
by summing and subtracting equal amounts of voltage sup-
plied to the two piezoelectric actuators moving the cylinder
position. The plot of the resonator frequency versus the dif-
ference between the voltages applied to the left and right
piezoelectric actuators acting on the cylinder, for a constant
bias voltage difference, has a parabolic dependence for small
deviations from parallelism, with its maximum correspond-
ing to the parallel case a=0. The outcome of this procedure
is summarized in Fig. 11, where the frequency of the reso-
nator displays a parabolic dependence as a function of
AVp,r, which reflects different tilting angles 6. The maxi-
mum frequency defines the parallelism condition, within the
error, which leads to a precision of §6=5.3 X 1073 radians.
This corresponds, based on Eq. (5), to a correction equal to
(F&~F gg)/ F(Coa)s= 1.43 X 107*. Notice that, unlike the paral-
lel plane configuration, the search for the parallel situation is
considerably simpler and faster to implement in the cylinder-
plane geometry as it requires only a one-dimensional optimi-
zation [51].
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FIG. 12. (Color online) Electrostatic calibrations. Squared fre-
quency shift Av? versus bias voltage between the cylinder and the
resonator for different values of the cylinder-plane distance, corre-
sponding to the application of Vp,r=0 V (continuous line), 30 V
(dashed line), and 70 V (dotted line). The curves are the best fit
with a generic parabola. The typical resonance frequency without
bias potential is around 527 Hz, with a bandwidth of 4 Hz. The
peak frequency is determined through the Lorenzian fit with a typi-
cal error of 12 mHz.

After this preparatory measurement, we have then ob-
tained the frequency shift versus the bias voltage, and the
related curvature parameter k, of the expected parabolic de-
pendence, as shown in Fig. 12. This has been repeated for
various distances between the resonator and the cylinder,
adding a common mode voltage to the actuators, thereby
inducing a global approach of the cylinder to the resonator.
In Fig. 13 the curvature parameter k. is plotted versus the
piezoelectric actuator voltage Vp,r. The latter quantity is re-
lated to the absolute distance between the cylinder and the
resonator as d=di,— &, \Vozrs where Qe
=(150.0+15.0) nm/V is the actuation coefficient of the pi-
ezoelectric and d;, the initial distance corresponding to
Vpzr=0. This allows comparison of the data to the predic-
tions from Eq. (16) of a power-law dependence with scaling
—5/2 upon the absolute distance. As usually done in this type
of measurement, the absolute initial distance has been deter-
mined by considering an offset as a free parameter in the fit.
A zero distance, shorting the cylinder-plane gap, is reached
when the piezoelectric actuator voltage is Vpyr=di,/ @,
=Vpmax. From the value of Vyux determined from the fit,
Vamax=(177.4+24.1) V, we deduce an initial distance d,
=, Vmax=(26.6£4.5) um. The estimated minimum gap
corresponding to the maximum excursion of the piezoelectric
actuator before shorting the gap is therefore =16.1 um, con-
sistent with the expected roughness of both cylinder and
resonator surfaces. The relative accuracy in the determina-
tion of the absolute distance in these preliminary calibrations
is 17%. Better precision can be obtained by looking at gaps
in the 10-30 um range using a large magnification, high
resolution optical microscope. The absolute gap can be accu-
rately determined due to a particular feature of the cylinder-
plane configuration; by properly illuminating the gap, the
cylinder will appear reflected on the planar surface, and the
distance between the cylinder edge and its mirror image on
the plane surface can then be measured. Extension of the
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FIG. 13. Electrostatic calibrations. Plot of the curvature coeffi-
cient k. versus the piezoelectric common voltage Vp,r and best fit
with a law Av’=a+b/(Vygax—Vpyr)>> corresponding to the ex-
pected frequency-shift dependence from Eq. (16). The best fit gives
a parameter Vyax=(177.4£24.1) V, corresponding to the voltage
which should close the gap between the cylinder and the resonator.

calibration into the range of interest for the measurement of
the Casimir force (1-5 um) will require high precision na-
nopositioners with minimal hysteresis, thereby reducing the
relative error in the determination of the distance to less than
1%.

IV. EXPECTED CASIMIR FORCE SIGNAL

Based on the electrostatic calibrations and the possible
short-term improvements, we now evaluate the sensitivity to
physics related to the Casimir effect, in particular the thermal
contribution and the test of the validity of the proximity
force approximation scheme. The expected frequency shift
due to the Casimir force is written as

T th\J';
307242 md”?

AV yep= (17)
It is worth comparing the expected frequency-shift signal to
the one already measured in Padova [18]. The squared fre-

quency shift for a parallel plane configuration is expressed as

fhic A
A= 340 19

where A is the surface area of the plates. Considering reso-
nators with the same mass for the two configurations corre-
sponding to Egs. (19) and (20), we obtain a ratio between the
expected squared frequency shifts as

A} lad
VCascp _ IO Lvad

Al%as_pp 64\6 A

(19)

Apart from a numerical factor of order unity, the ratio be-
tween the expected squared frequency shifts is the ratio be-
tween the relevant geometrical scales in the two configura-
tions, i.e., the transversal size of the resonator-cylinder
region L, the geometrical average of the radius of curvature
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of the cylinder @ and the cylinder-plane distance d, and the
plates surface area A. By inserting the respective values from
the Padova experiment, and a radius of the cylinder of 51 cm
(using commercially available cylindrical lenses with proper
metallic coating), at the distance d=1 um the ratio gives
Avéas_cp/ Avéas_pp20.727. This implies that a frequency shift
equal to AVCPZszp/2V0=4.08 mHz (571 mHz) at a gap of
3 um (1 pwm) is expected for the cylinder-plane case, as
compared to a Av,,=3.2 mHz (780 mHz) at a gap of 3 um
(1 um) for the parallel plane case. In preliminary long time
average tests with our prototype we have obtained an error
on the determination of the peak frequency of the resonator
through a Lorenzian fit of =6 mHz. We find that the mini-
mum detectable frequency shift can be made significantly
smaller through a careful study of the resonance curve of the
mechanical transfer function of the cantilever in a relatively
large range of frequencies, equal to 10-20 times its intrinsic
bandwidth. A careful fitting of data, with a long sampling
time and a large number of averages, allow for the determi-
nation of the resonance frequency with a precision of the
order of mHz or less, even when working with relatively
large mechanical bandwidths as in the case of stainless steel
resonators. From this point of view the use of resonators with
a large quality factor may not seem advantageous; in order to
acquire a resonance curve with the same resolution one
needs to adapt a smaller frequency binning resulting in a
much longer integration time, which is more vulnerable to
frequency shifts possibly induced by the finite degree of sta-
bilization of the temperature of the apparatus. Further im-
provements in the sensitivity are expected by implementing
frequency and amplitude stabilization of the diode laser,
high-performance actuators with minimal hysteresis and bet-
ter displacement resolution, and a better control of the tem-
perature setting and stabilization both for the resonator and
for the fiber set-up. Alternative detection schemes, like ho-
modyne or heterodyne modulations [50], may be utilized to
improve the precision.

As a final assessment of the experimental set-up, apart
from the need for improved planarity and decreased rough-
ness of the resonator and cylinder surfaces using optical
quality surfaces, and a careful determination of the absolute
distance between the cylinder and the resonator as discussed
above, we need to explore the Volta and patch electrostatic
potentials present between the two surfaces. To quantify this
source of noise it is worth introducing, in analogy to the
discussion in [52] for the parallel plane case, the equivalent
voltage corresponding, at a given distance, to the Casimir
force. By equating Eqgs. (2) and (4) we obtain an equivalent

voltage as

whc |21

veq=(—c = =13.55 A0 ) v, (20)
192¢,/ d d

For instance, at a targeted gap of d=3 um the Casimir force
corresponds to an equivalent voltage V,=4.61 mV, which
implies that one should control the electrostatic stray poten-
tials within a fraction of this value in order to see the thermal
contribution to the Casimir force. The capability of counter-
biasing the electrostatic potential difference at this level will
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require a dedicated study in a concrete setting once the gap
distances will be reduced to few micrometers. From this
point of view it is encouraging that, as visible in Fig. 1, the
electrostatic force in the cylinder-plane configuration can ex-
ceed at large distances the corresponding one for the parallel
plane situation. This can lead to larger signals in a wider
range of distances and consequently to a more precise deter-
mination of the stray voltages to be counterbiased.

The apparatus could also be adapted to the study of the
validity of the proximity force approximation. As we already
mentioned at the end of Sec. II, recent numerical results
based on the wordline approach [48] indicate that deviations
from the proximity force approximation should be relevant
starting from a ratio d/a==0.06 upward. For instance, at a
distance of 5 um they should be of the order of 1% for a
choice of the radius of the cylinder a=100 um. This sug-
gests the use of metallic wires to intentionally look for the
deviation from the predictions of the proximity force ap-
proximation [47,48].

V. CONCLUSIONS

We have discussed a novel geometry to study the Casimir
force which more adequately addresses current issues related
to the large distance behavior of quantum vacuum fluctua-
tions. In particular, this should allow for the study of the
interplay of zero-point fluctuations with the thermal contri-
bution due to the real photons present at any finite tempera-
ture. From this point of view the theoretical discussion pre-
sented here is complementary to the one presented in [29] for
the case of eccentric cylinders, the latter being promising for
investigating extra-gravitational forces due to a smaller sen-
sitivity to long-range Casimir related effects. An apparatus to
demonstrate some of the concepts developed in this discus-
sion has been built and tested, showing promising features
towards the observation of the thermal effect. With an up-
graded version of the apparatus, including better thermal sta-
bilization, high precision actuators, and mechanical resona-
tors with decreased roughness, and with a careful study of
the stray electrostatic potentials, we should be able to ex-
plore the Casimir force in the target range centered around
3 um with a precision of a few percent. Moreover, the pos-
sible observation of deviations from the force predicted by
the proximity force approximation will be important to as-
sess the limits to extra-dimensional forces of gravitational
origin.
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